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WKHVH WRROV DUHPRGHOHG DQG H[SHULPHQWDOO\YHULILHG/LQHDU HGJHIRUFHPRGHO LV DGRSWHG IRU IRUFHPRGHOLQJZKHUHDV ILUVW RUGHU
VHPLGLVFUHWL]DWLRQ PHWKRG LQFOXGLQJ PXOWLSOH GHOD\V ZLWK WLPHDYHUDJHG FRHIILFLHQW PDWULFHV LV XVHG IRU VWDELOLW\ DQDO\VLV
)UHTXHQWO\XVHGVHUUDWLRQZDYHIRUPVLHVLQXVRLGDOFLUFXODUDQGWUDSH]RLGDODUHPRGHOHGSDUDPHWULFDOO\DQGRSWLPL]HGIRUUHGXFHG









5HGXFHG PLOOLQJ IRUFHV LQFUHDVHG FKDWWHU VWDELOLW\
DQG VXSHULRU FKLS EUHDNLQJ PDNH VHUUDWHG HQG PLOOV
IDYRUDEOH LQ PDFKLQLQJ RSHUDWLRQV HVSHFLDOO\ LQ
URXJKLQJ$OWKRXJKVHUUDWHGHQGPLOOVDUHRIWHQXVHG LQ
LQGXVWU\WKHOLWHUDWXUHRQWKHVHWRROVLVOLPLWHG7OXVW\HW
DO >@ LQYHVWLJDWHG WKH FKDWWHU VWDELOLW\ RI VHUUDWHG HQG
PLOOV XVLQJ WLPHGRPDLQ VROXWLRQV DQG D VLPSOLILHG
DSSURDFK 7KH\ REVHUYHG WKDW VHUUDWHG HQG PLOOV ORZHU
WRWDO WRROZRUNSLHFHFRQWDFW OHQJWKZKLFKGHFUHDVHV WKH
HIIHFWLYH D[LDO GHSWK RI FXW LQFUHDVLQJ WKH DEVROXWH
VWDELOLW\ OLPLW FRQVLGHUDEO\ 7KH\ DOVR VKRZHG DGGHG
VWDELOLW\ SRFNHWV LQ WKH VWDELOLW\ GLDJUDP &DPSRPDQHV
HWDO>@IRUPXODWHGPHFKDQLFVDQGG\QDPLFVPRGHOVIRU
VHUUDWHGHQGPLOOVKDYLQJVLQXVRLGDOVHUUDWLRQZDYHIRUP
XVLQJ DNLQHPDWLFV RIPLOOLQJPRGHO IRU WKH FDOFXODWLRQ
RI WKH ORFDO FKLS WKLFNQHVV $Q DQDO\WLFDO VWDELOLW\
SUHGLFWLRQPHWKRGEDVHGRQ>@LVSUHVHQWHGIRUVHUUDWHG
HQGPLOOV:DQJDQG<DQJ >@SUHVHQWHGD IRUFHPRGHO
IRU F\OLQGULFDO HQG PLOOV KDYLQJ VLQXVRLGDO VHUUDWLRQ
IRUP7KH\REVHUYHGWKDWZLWKDSSURSULDWHIHHGSHUWRRWK
YDOXHV DW DQ D[LDO SRVLWLRQ RQO\ RQH FXWWLQJ WRRWK
UHPRYHVWKHPDWHULDO%HFDXVHRIWKLVWKHFKLSWKLFNQHVV
IRU WKDW WRRWK EHFRPHV HTXDO WR WKH WRWDO IHHG SHU
UHYROXWLRQ0HUGRO DQG$OWLQWDV >@ SURSRVHG IRUFH DQG
WLPHGRPDLQVWDELOLW\PRGHOVIRUF\OLQGULFDODQGWDSHUHG
HQGPLOOVZLWKVHUUDWHGFXWWLQJWHHWK6HUUDWLRQSURILOHLV
PRGHOHG XVLQJ FXELF VSOLQHV ZKLFK DOORZ WKH LQFOXVLRQ
RIGLIIHUHQWVHUUDWLRQIRUPVLQWRWKHPRGHOV'RPERYDUL
HW DO >@ SURSRVHG D VWDELOLW\ PRGHO IRU VHUUDWHG HQG
PLOOV8QOLNHSUHYLRXVZRUNVWKH\VROYHGWKHVWDELOLW\RI
PLOOLQJ ZLWK VHUUDWHG HQG PLOOV E\ XVLQJ WKH 6HPL
'LVFUHWL]DWLRQ0HWKRG <XVRII DQG 6LPV >@ RSWLPL]HG
YDULDEOH SLWFK DQG KHOL[ DQJOHV IRU D JLYHQ PLOOLQJ
V\VWHPE\XVLQJWKH'LIIHUHQWLDO(YROXWLRQ'(PHWKRG
SUHVHQWHGE\6WRUQDQG3ULFH>@
,Q WKLV VWXG\ FRPPRQ VHUUDWLRQ ZDYH IRUPV LH
VLQXVRLGDO FLUFXODU DQG WUDSH]RLGDO DUH PRGHOHG
SDUDPHWULFDOO\ 0LOOLQJ IRUFHV DUH PRGHOHG XVLQJ WKH
OLQHDU HGJH IRUFH PRGHO ZKHUH WKH FXWWLQJ IRUFH
FRHIILFLHQWV DUH REWDLQHG E\ RUWKRJRQDOWRREOLTXH
Available online at www.sciencedirect.com
© 2013 The Authors. Published by lsevier B.V.
Selection and peer-review under responsibility of The International Scientifi c Committee of the “14th CIRP Conference on Modeling of Machining 
Operations” in the person of the Conference Chair Prof. Luca Settineri
Open access under CC BY-NC-ND license.
Open access under CC BY-NC-ND license.
571 R. Koca and E. Budak /  Procedia CIRP  8 ( 2013 )  570 – 575 

WUDQVIRUPDWLRQ>@6WDELOLW\RIPLOOLQJZLWKVHUUDWHGHQG
PLOOV LV LQYHVWLJDWHG ZLWK WKH ILUVW RUGHU 6HPL
'LVFUHWL]DWLRQ 0HWKRG LQFOXGLQJ PXOWLSOH GHOD\V DQG
WLPHDYHUDJHGFRHIILFLHQWPDWULFHV,QDGGLWLRQVHUUDWLRQ
ZDYHIRUP SDUDPHWHUV DUH RSWLPL]HG XVLQJ %UXWH )RUFH
6HDUFK %)DQG'(3UHGLFWHGSDUDPHWHUVDUHXVHG IRU
FRPSDULVRQZLWKVWDQGDUGVHUUDWHGHQGPLOOVDYDLODEOHLQ
WKH PDUNHW LQ WHUPV RI FKDWWHU VWDELOLW\ DQG PLOOLQJ
IRUFHV
6HUUDWHG(QG0LOO*HRPHWU\
,W LV HVVHQWLDO WR XQGHUVWDQG WKH GHWDLOV RI WKH VHUUDWHG
FXWWLQJHGJHJHRPHWU\LQRUGHUWRPRGHOPHFKDQLFVDQG
G\QDPLFV RI PLOOLQJ IRU WKHVH WRROV 7KH FXWWLQJ WHHWK
KDYH JURXQGZDYHV RQ WKHLU IODQN IDFHV 7KHZDYHV RQ
FRQVHFXWLYHFXWWLQJ WHHWKKDYHDSKDVHVKLIW LQ WRROD[LV
GLUHFWLRQ %HFDXVH RI WKH JURXQG ZDYHV DQG WKH SKDVH
VKLIWDWDFHUWDLQ]OHYHOFRQVHFXWLYHFXWWLQJWHHWKKDYH
GLIIHUHQWUDGLL,Q)LJDFURVVVHFWLRQRIDVHUUDWHGHQG
PLOO DW D FHUWDLQ ] OHYHO E VXUIDFH WDQJHQW QRUPDO
YHFWRUV DQG.DQJOH LV JLYHQ ,Q)LJ IUHTXHQWO\XVHG
VHUUDWLRQ IRUPV DQG WKHLU GHILQLQJ SDUDPHWHUV FDQ EH
VHHQ









5DNH DQG REOLTXH DQJOHV YDU\ DORQJ VHUUDWHG FXWWLQJ
HGJHV ,Q )LJ  D WKUHH VHFWLRQV RI D VHUUDWHG FXWWLQJ
HGJH ZKLFK KDV D UHFWDQJXODU VHUUDWLRQ IRUP DUH






,Q )LJ  WKH ILUVW HGJH LV LOOXVWUDWHG )URP FXWWLQJ
PHFKDQLFV SRLQW RI YLHZ WKH ORFDO UDNH DQJOH LV WKH











UDNH DQJOH LV HTXDO WR WKH WRRO¶V KHOL[ DQJOH ZKLOH WKH
REOLTXHDQJOH LVHTXDO WR LWV UDNHDQJOH$VD VXPPDU\
XSSHU SDUW RI WKH VHUUDWLRQ KDV ORZHU UDNH DQJOHVZKLOH
ORZHU SDUW RI WKH VHUUDWLRQ KDV KLJKHU RQHV 7KLV
JHQHUDOL]DWLRQLVYDOLGIRUDOOW\SHVRIVHUUDWLRQZDYHV,W
LV D NQRZQ IDFW WKDW LQFUHDVLQJ UDNH DQJOH DIIHFWV WKH
VKHDULQJ PHFKDQLVP SRVLWLYHO\ :KHQ VHOHFWLQJ RU
GHVLJQLQJ VHUUDWHG HQG PLOOV RQH FDQ H[SORLW WKLV
+RZHYHU LQ RUGHU WR XVH WKLV DV DQ DGYDQWDJH FXWWLQJ
HGJH VWUHQJWK DOVRQHHGV WREH WDNHQ LQWR DFFRXQW VLQFH
DV WKH UDNH DQJOH LQFUHDVHV WKH FXWWLQJ HGJH VWUHQJWK
GHFUHDVHV,WVKRXOGDOVREHQRWHGWKDWIRUPRVWVHUUDWLRQ
W\SHV VXFK DV VLQXVRLGDO FLUFXODU DQG WUDSH]RLGDO
UHVXOWLQJFKDQJHLQWKHUDNHDQGREOLTXHDQJOHVLVQRWDV
GUDVWLF DV LQ WKH FDVH RI UHFWDQJXODU RU VTXDUH ZDYH
W\SHV +RZHYHU LW VKRXOG EH QRWHG WKDW VHUUDWHG HQG
PLOOV DUH HPSOR\HG ZLWK ORZHU IHHG SHU WRRWK ZKLFK
GHFUHDVHV WKH LPPHUVHG SDUW RI WKH FXWWLQJ HGJHV WKXV
WKH ORFDO DQJOH YDULDWLRQV 7KLV VLWXDWLRQ FDQ EH
FRQWUROOHGE\FKRRVLQJWKHSKDVHVKLIWGLUHFWLRQEHWZHHQ
WKH VHUUDWLRQZDYHVRI WKHFRQVHFXWLYH WHHWK7KHSKDVH
GLIIHUHQFHEHWZHHQWKHMWKDQGWKHILUVWWHHWKIRUVHUUDWHG
HQG PLOOV LVቀ ஛୒୲ቁ כ ሺ െ ͳሻ ZKHUHɉDQG M UHSUHVHQW





8VHUVFDQGLVWLQJXLVK WKHVH WZR W\SHVE\ ORRNLQJDW WKH
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GLUHFWLRQV RI WKH IOXWH DQG WKH VHUUDWLRQ KHOL[HV ,I WKH\
KDYH WKH VDPH GLUHFWLRQ HJ ERWK ULJKW KDQG WKHQ WKH
VHFWLRQVZLWKORZHUUDNHDQJOHVZLOOUHPRYHPDWHULDO,I
WKHLU GLUHFWLRQV DUH RSSRVLWH WKHQ WKH VHFWLRQV ZLWK
KLJKHUUDNHDQJOHVUHPRYHPDWHULDO
)RUFH0RGHO
,Q )LJ  F GLIIHUHQWLDO PLOOLQJ IRUFHV DUH LOOXVWUDWHG
%HFDXVH RI WKH VHUUDWLRQV WKH GLUHFWLRQV RI WKH
GLIIHUHQWLDOPLOOLQJ IRUFHV YDU\ DORQJ WKH FXWWLQJ HGJHV
0LOOLQJWRROLVGLYLGHGLQWRVPDOOGLVFHOHPHQWVDORQJWKH
WRRO D[LV IRU IRUFH FDOFXODWLRQV 7KH GLIIHUHQWLDO IRUFHV
DUHFDOFXODWHGIRUHYHU\WRRWKDWHYHU\D[LDOGLVFHOHPHQW
DQG LPPHUVLRQ DQJOH ZLWKLQ RQH WRRO UHYROXWLRQ 7KH
D[LDO UDGLDO DQG WDQJHQWLDO GLIIHUHQWLDO IRUFHV DFWLQJ RQ
WKH୲୦WRRWK DW D[LDO OHYHO ] IRU WKH LPPHUVLRQ DQJOH׎
DUHJLYHQLQZKHUHUHSUHVHQWVWKHFKLSZLGWK
	୨൫׎୨ǡ ൯ ൌ ሺ׎୨ሻൣୟୣ ൅ୟୡ୨൫׎୨ǡ ൯൧
	୨൫׎୨ǡ ൯ ൌ ሺ׎୨ሻൣ୰ୣ ൅୰ୡ୨൫׎୨ǡ ൯൧  
	୨൫׎୨ǡ ൯ ൌ ሺ׎୨ሻൣ୲ୣ ൅ ୲ୡ୨൫׎୨ǡ ൯൧
 ൌ  ൫Ɉሺǡ ሻ൯൘ 
.DH.UH.WH.DF.UFDQG.WFDUHWKHHGJHDQGFXWWLQJ
IRUFH FRHIILFLHQWV UHVSHFWLYHO\ &KLS WKLFNQHVV LV
FDOFXODWHGDVLQZKHUH୨ሺ׎ǡ ሻ୨ሺሻDUHWKHFKLS
WKLFNQHVV IRU WKH MWK WRRWK DW D[LDO OHYHO ] IRU WKH
LPPHUVLRQDQJOH׎ORFDOUDGLXVIRUMWKWRRWKDQGIHHGSHU
WRRWKUHVSHFWLYHO\
୨ሺ׎ǡ ሻ ൌ ൫Ͳǡ ୨൯ ൌ ቐ
 ՚  െ  ൌ Ͳ

൫ሺ െ ሻǡ ൯
ቑ
୨ሺ׎ǡ ሻ ൌ  ቈ
୨ሺሻ െ ୫ሺሻ ൅  כ 
כ ሺ׎୨ሺሻሻ ቉ ൌ ͳǡʹǡǥ ǡ 
,Q)LJDUHJXODUDQGDVHUUDWHGHQGPLOODUHFRPSDUHG
LQ WHUPV RI ORFDO FKLS WKLFNQHVV IRU WKH VDPH JLYHQ
PLOOLQJ FRQGLWLRQV 5DGLDO LPPHUVLRQ LV PP
 PPWRRWK D[LDO GHSWK RI FXW LV PP 5 PP
1W  7KH VHUUDWHG HQG PLOO KDV WKH FLUFXODU VHUUDWLRQ
ZDYH IRUP ZLWK WKH IROORZLQJ JHRPHWULFDO SDUDPHWHUV
ଵ ൌ ͲǤͷǡ ଶ ൌ ͲǤͷǡ ൌ ͲǤ͸݉݉Ǥ 0LOOLQJ RSHUDWLRQ
LV LQ GRZQPLOOLQJPRGH$W D FHUWDLQ D[LDO OHYHO RQO\
RQHFXWWLQJWRRWKUHPRYHVPDWHULDO6LQFHWKHRWKHURQHV
GR QRW WKH WRRWK LQFXW UHPRYHV WKH ZKROH IHHG SHU
UHYROXWLRQDW WKDWD[LDO OHYHO7KLVFDXVHV WKH ORFDOFKLS
WKLFNQHVVHVWRLQFUHDVHXSWR כ DVFDQEHVHHQIURP
WKH ILJXUH LI WKH UDGLDO LPPHUVLRQ LV KLJKHURU HTXDO WR





0RVW LPSRUWDQWO\ WRWDO FRQWDFW EHWZHHQ WKH ZRUNSLHFH
DQG WKH WRRO GHFUHDVHV GUDVWLFDOO\ DQG WKXV VR GR WKH
HGJH IRUFHV 7KH IRUFHV DFWLQJ RQ WKH WRRO LQ ;<=
GLUHFWLRQV DUH FDOFXODWHG DV JLYHQ LQ   DQG 
ZKHUHDLVWKHD[LDOGHSWKRIFXW








1, 86% '$4 DQG /DE9LHZ VRIWZDUH 2QH IXOO
UHYROXWLRQ RI WKH HQGPLOO LV UHSUHVHQWHGZLWK  GDWD
SRLQWV WKXV WKH VDPSOLQJ IUHTXHQF\ LV DGMXVWHG
DFFRUGLQJ WR VSLQGOH VSHHG$Q $O EORFNPRXQWHG
RQ WKH G\QDPRPHWHU LV PDFKLQHG $ VHUUDWHG WRRO
KDYLQJ PP GLDPHWHU ZLWK  FXWWLQJ WHHWK  KHOL[
DQG WUDSH]RLGDO VHUUDWLRQZDYHIRUP LV XVHG LQ WKH WHVWV
7KH VHUUDWLRQSDUDPHWHUV DUH U  U PP  : 








,Q WKLV VHFWLRQ ZDYHIRUP SDUDPHWHUV RI WKH VHUUDWLRQ
ZDYHVDUHRSWLPL]HGLQRUGHUWRPLQLPL]HPLOOLQJIRUFHV
7KHRSWLPL]DWLRQSURFHVVZLOO EHKDQGOHGE\XVLQJ WZR
PHWKRGV QDPHO\ %) DQG '( ,Q %) HYHU\ SRVVLEOH
FRPELQDWLRQ LV VHDUFKHG LQ RUGHU WR GHWHUPLQH WKH
RSWLPDO SDUDPHWHUV ,W FDQ EH YHU\ WLPH FRQVXPLQJ
KRZHYHU LW LV D JRRG SUDFWLFH WR DQDO\]H WKH REMHFWLYH
IXQFWLRQEHKDYLRXURYHUDELJVHDUFKVSDFH
܌۴ܠܒ൫׎୨ǡ ൯ ൌ െ	୰୨ሺɈሻ ൫׎୨൯ െ 	ୟ୨ ሺɈሻ ൫׎୨൯ െ 	୲୨ ൫׎୨൯
܌۴ܡܒ൫׎୨ǡ ൯ ൌ െ	୰୨ሺɈሻሺ׎୨ሻ െ 	ୟ୨ሺɈሻሺ׎୨ሻ ൅ 	୲୨ሺ׎୨ሻ܌۴ܢܒ൫׎௝ǡ ݖ൯ ൌ 	୰୨ ሺɈሻ െ 	ୟ୨ሺɈሻ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(YROXWLRQDU\ DOJRULWKPV VXFK DV '( DQG *HQHWLF
$OJRULWKP*$RQWKHRWKHUKDQGGRQRWVHDUFKDOOWKH
SDUDPHWHU SRVVLELOLWLHV LQ RUGHU WR ILQG WKH RSWLPDO VHW
WKXV WKH\DUHIDVWHU2EMHFWLYHIXQFWLRQ LVFKRVHQDV WKH
PD[LPXPPLOOLQJ IRUFH LQ;< SODQH RFFXUULQJ LQ RQH
WRROUHYROXWLRQ7KHSDUDPHWHUVRI'(DUHDVIROORZV>@
6FDOLQJ )DFWRU  &URVVRYHU 5DWH  1XPEHU RI
*HQHUDWLRQV  ,Q RUGHU WR RSWLPL]H WKH ZDYHIRUP
SDUDPHWHUV VRPH SDUDPHWHUV RI WKH HQGPLOO DUH IL[HG




7KHQXPEHURISDUDPHWHUV WREHRSWLPL]HG LV' ZLWK
3RSXODWLRQ VL]H RI 1S '  3DUDPHWHUV IRU
'LIIHUHQWLDO (YROXWLRQ DUH DGRSWHG IURP WKH OLWHUDWXUH
>@6HDUFKVSDFHLVUHVWULFWHGIRUJHRPHWULFDOSDUDPHWHUV
RI WKH VLQXVRLGDO VHUUDWLRQ IRUP DV ൌ ሾͲ െ ʹሿሺሻ
ɉ ൌ ሾͲ െ ͳͲሿሺሻ  '( UHVXOWV DUH JLYHQ LQ 7DEOH 
%RWKDOJRULWKPVIRXQGWKHVDPHRSWLPDOSDUDPHWHUVHWV
$VFDQEHLQWHUSUHWHGIURP)LJWKDWZDYHOHQJWKRIWKH
VHUUDWLRQ ZDYH IRUP KDV D VWURQJ HIIHFW RQ )[\0D[
+RZHYHUDVFDQEHVHHQIURP)LJVRPHSDUDPHWHUVHWV




D ELJJHU SRUWLRQ RI WKH VHUUDWHG HGJH LPPHUVHV LQ WKH
PDWHULDO7KXVWKHWRWDOFRQWDFWEHWZHHQWKHWRRODQGWKH
ZRUNSLHFH GRHV QRW GHFUHDVH DV PXFK DV LW GRHV ZLWK
ORZHU ݂ݐ  7KLV H[SODLQV WKH GLIIHUHQFH EHWZHHQ
PPWRRWKDQGPPWRRWKFDVHV
7DEOH2SWLPDOVLQXVRLGDOVHUUDWLRQSDUDPHWHUV
܊ ൌ ૜ܕܕ4XDUWHU,PPHUVLRQ  ൌ ͲǤͲͷȀ
$>PP@  ߣ>PP@  )[\0$; 1
5HJXODU(QG0LOO )[\0$; 1
܊ ൌ ૜ܕܕ4XDUWHU,PPHUVLRQ IW PPWRRWK
$>PP@  ߣ>PP@  )[\0$; 1
5HJXODU(QG0LOO )[\0$; 1
܊ ൌ ૚૛ܕܕ)XOO,PPHUVLRQ  ൌ ͲǤͲͷȀ
$>PP@  ߣ>PP@  )[\0$; 1
5HJXODU(QG0LOO )[\0$; 1
܊ ൌ ૚૛ܕܕ)XOO,PPHUVLRQ IW PPWRRWK




5DGLDO LPPHUVLRQ DIIHFWV WKH PD[LPXP XQFXW FKLS
WKLFNQHVVIRUDJLYHQPLOOLQJSURFHVV)RUKDOIRUKLJKHU
LPPHUVLRQV LW EHFRPHV HTXDO WR ݂ݐ  +RZHYHU IRU
VHUUDWHG HQG PLOOV DV VKRZQ LQ )LJ  PD[LPXP FKLS
WKLFNQHVV FDQ LQFUHDVH XS WR ܰݐ  ݂ݐ  7KXV DV WKH
PD[LPXPXQFXWFKLSWKLFNQHVVLQFUHDVHVELJJHUSRUWLRQ
RI WKH VHUUDWHG HGJH LPPHUVHV LQ WKH PDWHULDO 7KLV LV
YDOLGIRUDOOW\SHVRIVHUUDWLRQSURILOHV
2SWLPL]DWLRQRI&LUFXODU6HUUDWLRQ3DUDPHWHUV
)RU FLUFXODU VHUUDWLRQ ZDYH WKHUH DUH WKUHH GHILQLQJ
SDUDPHWHUV ଵǡ ଶǡ  DV LOOXVWUDWHG LQ )LJ  7KXV
SRSXODWLRQVL]HLV LQFUHDVHGWR' $JHRPHWULFDO
FRQVWUDLQW LV LQWURGXFHG IRU HQVXULQJ WKH DUFV UHPDLQ
WDQJHQWWRHDFKRWKHU
ܣ ൑ ݎଵ ൅ ݎଶ
8SSHUDQGORZHUERXQGVDUHJLYHQLQWKHVDPHIDVKLRQLW
LV GRQH IRU VLQXVRLGDO VHUUDWLRQ 7KH FRQVWUDLQW LV
LQFOXGHGLQWRWKHRSWLPL]DWLRQSUREOHPZLWKDQDSSURDFK
FDOOHG ³%ULFN:DOO 3HQDOW\´ 7KLV VLWXDWLRQ LV KDQGOHG
LQVLGHWKHREMHFWLYHIXQFWLRQ,IDPHPEHURIWKHFXUUHQW
JHQHUDWLRQ LV YLRODWLQJ FRQVWUDLQW  WKH YDOXH RI WKH
REMHFWLYHIXQFWLRQ LVQRWFDOFXODWHG LQVWHDGDYHU\KLJK
YDOXHHJHLVDVVLJQHGWRLW7KLVZD\LWLVHQVXUHG
WKDW WKH YLRODWLQJPHPEHU GRHV QRW VXUYLYH WR WKH QH[W
JHQHUDWLRQ8SSHUDQG ORZHUERXQGV IRU WKHSDUDPHWHUV
DUHDVIROORZVଵ ൌ ሾͲǤͳ െ ͵ሿሺሻ
ଶ ൌ ሾͲǤͳ െ ͵ሿሺሻ ൌ ሾͲǤͳ െ ͵ሿሺሻ
7DEOH2SWLPDOFLUFXODUVHUUDWLRQSDUDPHWHUV
܊ ൌ ૜ܕܕ4XDUWHU,PPHUVLRQ  ൌ ͲǤͲͷȀ
ଵ>PP@  ଶ>PP@  >PP@  )[\0$; 1
5HJXODU(QG0LOO )[\0$; 1
܊ ൌ ૜ܕܕ4XDUWHU,PPHUVLRQ IW PPWRRWK
ଵ>PP@  ଶ>PP@  >PP@  )[\0$; 1
5HJXODU(QG0LOO )[\0$; 1
܊ ൌ ૚૛ܕܕ)XOO,PPHUVLRQ  ൌ ͲǤͲͷȀ
ଵ>PP@  ଶ>PP@  >PP@  )[\0$; 1
5HJXODU(QG0LOO )[\0$; 1
܊ ൌ ૚૛ܕܕ)XOO,PPHUVLRQ IW PPWRRWK
ଵ>PP@  ଶ>PP@  >PP@  )[\0$; 1
5HJXODU(QG0LOO )[\0$; 1
2SWLPL]DWLRQRI7UDSH]RLGDO6HUUDWLRQ3DUDPHWHUV
2SWLPL]DWLRQ RI WUDSH]RLGDO VHUUDWLRQ ZDYH IRUP QHHGV
H[WUD DWWHQWLRQ VLQFH WKH QXPEHU RI SDUDPHWHUV LV QRZ
LQFUHDVHGWRVHYHQ,QRUGHUWRVLPSOLI\WKHRSWLPL]DWLRQ
SURFHVVUDQGUDUHNHSWHTXDODQGFRQVWDQWDVPP
W DQG W DUH NHSW HTXDO WR HDFK RWKHU DW   
7KHXSSHUDQGORZHUERXQGVIRUWKHSDUDPHWHUV
WR EH RSWLPL]HG DUH ݓଵ ൌ ሾͲ െ ͸ሿሺ݉݉ሻ  ݓଶ ൌ ሾͲ െ
͸ሿሺ݉݉ሻ ܣ ൌ ሾͲ െ ͵ሿሺ݉݉ሻ  7KH RSWLPDO SDUDPHWHUV DUH
JLYHQ LQ 7DEOH  7KH RSWLPDO SDUDPHWHUV RFFXUUHG DW
W W 
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7DEOH2SWLPDOWUDSH]RLGDOVHUUDWLRQSDUDPHWHUV
܊ ൌ ૜ܕܕ4XDUWHU,PPHUVLRQ͕  ൌ ͲǤͲͷȀ
ଵ>PP@  ଶ>PP@  >PP@  )[\0$; 1
5HJXODU(QG0LOO )[\0$; 1
܊ ൌ ૜ܕܕ4XDUWHU,PPHUVLRQ͕ IW PPWRRWK
ଵ>PP@  ଶ>PP@  >PP@  )[\0$; 1
5HJXODU(QG0LOO )[\0$; 1
܊ ൌ ૚૛ܕܕ )XOO,PPHUVLRQ  ൌ ͲǤͲͷȀ
ଵ>PP@  ଶ>PP@  >PP@  )[\0$; 1
5HJXODU(QG0LOO )[\0$; 1
܊ ൌ ૚૛ܕܕ)XOO,PPHUVLRQ͕ IW PPWRRWK




$OWKRXJK KHXULVWLF PHWKRGV GR QRW JXDUDQWHH JOREDO
RSWLPXP LQ WKLV FDVH LW LV YHULILHG ZLWK WKH %) ZKLFK
SURYLGHG WKH VDPH UHVXOWV ,I WKH UHVXOWV IRU GLIIHUHQW
VHUUDWLRQ W\SHV DUH FRPSDUHG LW LV VHHQ WKDW HYHU\
JHRPHWU\ FRQYHUJHV WR QHDUO\ WKH VDPH REMHFWLYH
IXQFWLRQ YDOXH )[\0$; 7KXV UHJDUGOHVV RI WKH
VHUUDWLRQW\SHWKHVDPHDPRXQWRISHUIRUPDQFHLQFUHDVH
FDQEH DFKLHYHG LI WKHSDUDPHWHUV DUHRSWLPL]HG7KUHH
GLIIHUHQWFLUFXODUVHUUDWLRQIRUPVDYDLODEOHLQWKHPDUNHW
DUHFRPSDUHGZLWKWKHRSWLPDOIRUPVLQWHUPVRIPLOOLQJ




,Q WKLV VHFWLRQ WKH RSWLPDO VHUUDWLRQ SDUDPHWHUV DUH
FRPSDUHG WR WKH VWDQGDUG RQHV IURP WKHPDUNHW DQG WR
HDFKRWKHU LQ WHUPVRIFKDWWHUVWDELOLW\&KDWWHUVWDELOLW\
RI VHUUDWHG HQG PLOOV LV VROYHG XVLQJ WKH )LUVW 2UGHU
6HPL'LVFUHWL]DWLRQ PHWKRG LQFOXGLQJ PXOWLSOH WLPH
GHOD\V>@DQGWLPHDYHUDJHGFRHIILFLHQWPDWULFHV>@
)LJ'\QDPLFFKLSWKLFNQHVVDQGWZRRUWKRJRQDO'2)
7KHPLOOLQJ VWDELOLW\ LV IRUPXODWHGZLWK WZRRUWKRJRQDO
'2) DV VKRZQ LQ )LJ  ,Q RUGHU WR FRPSDUH WKH












ߨ    ߨ  
,Q)LJ DQG WKUHH WRROV DUH FRPSDUHG LQ WHUPVRI
FKDWWHUVWDELOLW\ IRUWKHV\VWHPZKRVHPRGDOSDUDPHWHUV
DUH JLYHQ LQ 7DEOH  TXDUWHU LPPHUVLRQ
IW PPWRRWK 5 PP Ⱦ   1W  :RUNSLHFH
PDWHULDO$OLVPDFKLQHGLQGRZQPLOOLQJPRGH7KH
VHUUDWLRQ SDUDPHWHUV RI WKH WRROV DUH DV IROORZV
ଵ ൌ ͲǤͷଶ ൌ ͲǤͷ ൌ ͲǤ͸2SWLPDO








,I VHUUDWHG HQG PLOOV DUH RSWLPL]HG DQG HPSOR\HG
SURSHUO\ DEVROXWH VWDELOLW\ OLPLW FDQ EH LQFUHDVHG
VLJQLILFDQWO\ $GGHG OREHV RFFXU EHWZHHQ PDLQ OREHV
7KLVLVDQLQGLFDWLRQRIWUDQVLWLRQRIWKHFXWWLQJWRROIURP
D IRXU WHHWKHG HQG PLOO WR D RQH WRRWKHG HQG PLOO LQ
VWDELOLW\SRLQWRIYLHZ ,QRUGHU WRH[SODLQDGGHG OREHV
WKHFKLSWKLFNQHVVGLVWULEXWLRQLVLOOXVWUDWHGIRUWKHJLYHQ
PLOOLQJ VFHQDULR ,Q)LJ UHVXOWLQJFKLS WKLFNQHVVDQG
GHOD\V RI WKH V\VWHP DUH LOOXVWUDWHG ZKHUH ௝߬ሺݖሻDQGܶ
UHSUHVHQW WKHGHOD\ IRU WKH MWK WRRWK DW D[LDO OHYHO ] DQG
VSLQGOH SHULRG UHVSHFWLYHO\ 6HUUDWHG FXWWLQJ WHHWK
UHPRYH PDWHULDO RQO\ DW FHUWDLQ D[LDO OHYHOV)LJ 
7KXVPDMRULW\RI WKHGHOD\V LQ WKH V\VWHPEHFRPHRQH
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WKH UHDVRQ EHKLQG WKH DGGHG OREHV LQ WKH VWDELOLW\
GLDJUDP ZKHQ XVLQJ VHUUDWHG HQG PLOOV 7KHUH RFFXU
VWDELOLW\ SRFNHWV DW KLJKHU VSLQGOH VSHHGV DV ZHOO $
VLPSOH HTXDWLRQ ZKLFK VKRZV WKH ORFDWLRQV RI WKH
VWDELOLW\SRFNHWVLVJLYHQ
݊ ൌ ͸Ͳ כ ௖݂݇ כ ௧ܰ ሾܴܲܯሿሺ͸ሻ
ZKHUH݊ ௖݂݇UHSUHVHQWVSLQGOHVSHHGFKDWWHUIUHTXHQF\
LQ +] QXPEHU RI WKH VWDELOLW\ SRFNHW UHVSHFWLYHO\ ,Q
)LJ  DQG  LW FDQ EH VHHQ WKDW IRU UHJXODU  WHHWKHG
HQG PLOO VWDELOLW\ SRFNHWV RFFXUUHG DFFRUGLQJ WR WKH
HTXDWLRQ +RZHYHU IRU RSWLPL]HG VHUUDWHG HQGPLOOV
WKH DGGHG OREHV DUH VHHQ EHFDXVH WKH QXPEHU RI WHHWK
WHQGVWREHKDYHOLNHLQVWDELOLW\SRLQWRIYLHZDVLQ)LJ
 ,Q )LJ  D VWDELOLW\ DQDO\VLV LV GRQH ZLWK WKH
VDPH SDUDPHWHUV JLYHQ IRU WKH SUHYLRXV H[DPSOH EXW












+RZHYHU DV ݂ݐ LQFUHDVHV RQH WRRWKHG EHKDYLRU
GHFUHDVHVDQGWKXVDGGHGOREHVVWDUWWRGLPLQLVK,Q)LJ
 WKUHH GLIIHUHQW EXW RSWLPL]HG VHUUDWHG IRUPV DUH
FRPSDUHG IRU WKH VDPH JLYHQ PLOOLQJ VFHQDULR ZLWK
PPWRRWK݂ݐ ,W LV VKRZQ WKDW LI WKHSDUDPHWHUV DUH




VHUUDWHG HQG PLOOV DUH LQYHVWLJDWHG 0LOOLQJ IRUFHV DUH
PRGHOHGDQGYHULILHGH[SHULPHQWDOO\7KHHIIHFWVRIERWK
VHUUDWLRQ DQG SKDVH VKLIW RQ WKH YDU\LQJ ORFDO UDNH DQG
REOLTXH DQJOHV DUH GLVFXVVHG )UHTXHQWO\ XVHG VHUUDWLRQ
ZDYHIRUPV DUH RSWLPL]HG IRU ORZHUPLOOLQJ IRUFHV 7KH
HIIHFWRIVHUUDWLRQRQG\QDPLFVRIPLOOLQJLVH[SODLQHG,W
LV VKRZQ WKDW WKH RSWLPL]HG VHUUDWHG HQGPLOOV DFKLHYH
VXSHULRUSHUIRUPDQFHRYHUVWDQGDUGVHUUDWHGHQGPLOOVLQ
WHUPV RI ERWK PLOOLQJ IRUFHV DQG FKDWWHU VWDELOLW\ 7KH




7KH VXSSRUW RI 3	:& IRU WKLV UHVHDUFK LV
DSSUHFLDWHG$XWKRUVDOVRZRXOGOLNHWRWKDQN0UdD÷ODU
<DYDúIURP.DUFDQ&XWWLQJ7RROVIRUSURYLGLQJFXVWRP
PDGHVHUUDWHGHQGPLOOVIRUWKHYHULILFDWLRQWHVWV
5HIHUHQFHV
>@7OXVW\-,VPDLO)=DWRQ: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